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We provide an up to date summary of the theory contributions to the 2S→ 2P Lamb shift and
the fine structure of the 2P state in the muonic helium ion (µ4He)+. This summary serves as the
basis for the extraction of the alpha particle charge radius from the muonic helium Lamb shift
measurements at the Paul Scherrer Institute, Switzerland. Individual theory contributions needed
for a charge radius extraction are compared and compiled into a consistent summary. The influence
of the alpha particle charge distribution on the elastic two-photon exchange is studied to take into
account possible model-dependencies of the energy levels on the electric form factor of the nucleus.
We also discuss the theory uncertainty which enters the extraction of the 3He–4He isotope shift from
the muonic measurements. The theory uncertainty of the extraction is much smaller than a present
discrepancy between previous isotope shift measurements. This work completes our series of n = 2
theory compilations in light muonic atoms which we have performed already for muonic hydrogen,
deuterium, and helium-3 ions.
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I. INTRODUCTION
The CREMA Collaboration has measured both
2S→ 2P Lamb shift transitions in the muonic helium ion
(µ4He)+ [1, 2]. A scheme of these energy levels in muonic
helium-4 ions is shown in Fig. 1. In preparation of the up-
coming extraction of nuclear properties from these mea-
surements, such as the nuclear root-mean-square (rms)
charge radius rα, we provide a careful study of the avail-
able calculations of the theory contributions to the in-
volved energy levels, summarizing the results of several
theory groups.
Both, the Lamb shift and the fine structure, have
been analyzed recently [3–6] but significant differences
between the authors made it necessary to review the in-
dividual theory contributions. The same was previously
done for muonic hydrogen [7], muonic deuterium [8], and
muonic helium-3 ions [9].
Recent measurements of the 2S→ 2P Lamb shift (LS)
in other muonic atoms have already provided the rms
charge radii of the proton and the deuteron with un-
precedented precision. Results from muonic hydrogen
measurements provided a proton charge radius of
rµp = 0.84087(26)exp(29)theo fm [10, 11]. (1)
This value is ten times more precise than the CODATA-
2014 value of 0.8751(61) fm [12], however also 4 %, or 6σ,
smaller. This discrepancy created the so-called “Proton-
Radius-Puzzle” (PRP) [13–17].
∗ Corresponding author: jkrauth@uni-mainz.de
A recent determination of the deuteron radius from
muonic deuterium spectroscopy results in a value of
rµd = 2.12616(13)
exp(89)theo fm [18–20], (2)
that is also smaller than the CODATA value and
hints towards a change in the Rydberg constant [21,
22], but note the recent result [23]. The value in
Eq. (2) differs slightly from our published value of
rµd = 2.12562(13)exp(77)theo fm [18] due to updated nu-
clear theory of the two-photon contributions by Hernan-
dez et al. [19] and the unexpectedly large three-photon
2P3/2
2P1/2
2S1/2
Lamb shift
~1380meV
2P fine structure
~145meV
fin. size
~300meV
FIG. 1. The 2S and 2P energy levels in the muonic helium-4
ion. Since the nuclear spin is zero, no hyperfine structure is
present. The figure is not to scale.
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2contribution recently calculated for the first time by
Pachucki et al. [20].
The determination of the alpha particle charge radius
from muonic helium-4 ions, when compared to the ra-
dius determinations from electron scattering experiments
[24, 25] will provide new input on the existing discrep-
ancies. The improved value of rα will be used in the
near future for tests of fundamental bound state quantum
electrodynamics (QED) by measurements of the 1S→ 2S
transition in electronic He+ ions [26, 27]. Furthermore,
the combination of the precise charge radii from muonic
helium-3 and helium-4 ions will contribute to solving a
discrepancy between several isotope shift measurements
in electronic helium-3 and -4 atoms [28–31]a. And, fi-
nally, in combination with existing isotope shift measure-
ments [39–41] the nuclear charge radii of the helium-6 and
-8 isotopes will be slightly improved.
A list of previous charge radius determinations is found
in Angeli et al. [42] from 1999. A value from a combined
analysis of experimental data is given in their more re-
cent Ref. [43]. Their value of the alpha particle charge ra-
dius rα = 1.6755(28) fm is dominated by a measurement
from Carboni et al. [44, 45], which has been excluded
by a later measurement from Hauser et al.[46]. Hence, it
should not be used. Instead the today established value
is rα = 1.681(4) fm, determined by Sick [25] from elastic
electron scattering. Note, that laser spectroscopy mea-
surements of neutral helium atoms exist [28–31, 39, 40],
but as already mentioned above, these measurements
yield only values for the isotope shift. For a precise abso-
lute charge radius extraction from neutral helium atoms,
theory calculations are not yet accurate enough [47, 48].
The anticipated accuracy of the CREMA measurement
will be about a factor of ∼ 5 more precise than the es-
tablished value from electron scattering [25, 49].
The finite size effect in muonic helium, that is sensi-
tive on the charge radius of the alpha particle, amounts
to ∼300 meV or 20% of the LS in (µ4He)+. The fre-
quency uncertainty of the (µ4He)+ LS measurements is
on the order of 15 GHz which corresponds to 0.06 meVb.
In the following, this value serves as accuracy goal for the
theory contributions. Several contributions have been
calculated with uncertainties not much better than our
accuracy goal, with the reasoning that the inelastic two-
photon exchange (“polarizability”) will anyway dominate
the extracted charge radius uncertainty. However, once
a reliable value for the charge radius exists, e.g. from He
or He+ spectroscopy, these uncertainties will limit the
extracted “muonic polarizability”. Further theory work
is therefore warranted also for these “pure QED” terms,
a The authors of Ref. [32] point out that the values given by [28]
and the experiment performed by [29], might be affected by a
systematic effect known as quantum interference [32–38]. Note
that also the isotope shift value of [31] is based on the measure-
ment in [29].
b 1 meV =ˆ 241.799 GHz
because accurate values of the nuclear polarizability from
muonic atoms may eventually serve as important input
for understanding the nuclear force [19, 50, 51].
The paper is structured as follows: Sec. II discusses the
pure QED contributions to the Lamb shift (independent
of the charge radius and nuclear structure effects), which
are summarized in Tab. III. We use the theory calcula-
tions of Borie [52] (in this work we refer always to the
updated Ref. [3], version v7 on the arXiv) and the cal-
culations of the group of Elekina, Faustov, Krutov, and
Martynenko et al. [4] (for simplicity referred to as “Mar-
tynenko” in the rest of the article) that provide a sum-
mary of terms contributing to the LS energy. Various
partial results of QED terms provided by the group of
Ivanov, Karshenboim, Korzinin, and Shelyuto [5, 53] (for
simplicity referred to as Karshenboim further on) and by
Jentschura and Wundt [6] are compared.
Sec. III discusses the contributions to the finite size
effect, together with higher order corrections that scale
with the nuclear charge radius squared r2α. These charge
radius dependent terms are summarized in Tab. IV. We
use the works of Borie [3], Martynenko (Krutov et al. [4]),
and Karshenboim (Karshenboim et al. [5]). Our sum-
mary provides the charge radius coefficient of the LS pa-
rameterization needed to extract the charge radius from
the experimentally measured transitions.
In Sec. IV we discuss the two-photon exchange (TPE)
in (µ4He)+. In the first part, Sec. IV A, we discuss the so-
called nuclear and nucleon “Friar moment” contribution,
also known as the third Zemach moment contribution.
In the second part, Sec. IV B, we discuss the nuclear
and nucleon polarizability contributions to the LS. The
nuclear polarizability, i.e. the inelastic part of the TPE
stems from the virtual excitation of the nucleus and is
related to its excitation spectrum [54]. It is the least ac-
curately known part of the (µ4He)+ LS. The TPE was re-
cently investigated by the TRIUMF/Hebrew group in Ji
et al. [55, 56]. Recently also three-photon exchange con-
tributions have been discussed for hydrogen-like muonic
atoms [20], but yet no numbers for muonic helium exist.
The fine structure (FS) of the 2P state in (µ4He)+ is
studied in Sec. V and summarized in Tab. V. Our evalua-
tion is based on the works of Borie [3], Martynenko (Elek-
ina et al. [57]), and Karshenboim (Karshenboim et al. [5],
Korzinin et al. [53]).
In Sec. VII, we discuss the theory contributions with
respect to the 3He–4He isotope shift and extract a value
for the uncertainty of the future value from the CREMA
measurements in muonic helium ions. Here we exploit
correlations between model-dependent calculations by
the TRIUMF/Hebrew group to significantly reduce the
theory uncertainty to the isotope shift.
Throughout the paper we use the established con-
vention and assign the measured energy differences
∆E(2P1/2 − 2S1/2) and ∆E(2P3/2 − 2S1/2) a positive
sign.
Labeling of individual terms in LS and FS follows the
convention of our previous works [7–9] in order to main-
3tain comparability. Terms that were found to not agree
between various sources were averaged for our determina-
tion and the resulting value is found in the “Our Choice”
column. These averaged values are given by the center
of the covering band of all values under consideration νi
with the uncertainty of their half spread, i.e.
AVG = 12[MAX(νi) + MIN(νi)]
±12 [MAX(νi)−MIN(νi)]
(3)
The values in the “Our choice” column are followed
by the initial of the authors whose results were used
to obtain this value (B = Borie, M = Martynenko et al.,
K = Karshenboim et al., J = Jentschura).
Important abbreviations: Z is the nuclear charge, α
is the fine structure constant. “VP”, “SE”, and “RC”
refer to vacuum polarization, self energy, and recoil cor-
rections, respectively. A proceeding e, µ, or h denotes
contributions from electrons, muons, or hadrons.
II. QED LAMB SHIFT IN (µ4He)+
First we consider pure QED terms that do not depend
on nuclear properties. All terms listed in this section are
given in Tab. III. As in other muonic atoms, the one-loop
electron vacuum polarization (eVP; #1; see Fig. 2) is the
largest term contributing to the Lamb shift. Martynenko
provides a non-relativistic calculation for this Uehling-
term (#1) together with a separate term for its relativis-
tic corrections (Breit-Pauli correction, #2) [4]. The val-
ues of the main term plus its correction (#1+#2) agree
exactly with the independent calculations of Karshen-
boim [5] and Jentschura [6, 58] who follow the same pro-
cedure. Borie’s value (#3) already includes relativistic
corrections of the order α(Zα)2 due to the use of relativis-
tic Dirac wave functions [3]. The additional α(Zα)4 rel-
ativistic recoil correction to eVP (#19) already included
by the other authors is treated separately in her frame-
work [3].
The sum of all eVP contributions (#1+#2 or
#3+#19) is in agreement between the calculations of all
authors. The average value of the Uehling contribution
yields
∆E(1−loop eVP) = 1666.2946± 0.0014 meV. (4)
The next largest term in the QED part of the (µ4He)+
Lamb shift is given by the two-loop electron vacuum po-
larization in the one-photon interaction of order α2(Zα)4
(#4). This so-called Ka¨lle´n-Sabry (KS) contribution is
the sum of three Feynman diagrams as seen in Fig. 2,
#4. It is calculated by Borie and Martynenko, and the
agreement between both calculations is still satisfactory,
although not as good as for the Uehling term.
The one-loop eVP contribution with two Coulomb lines
(#5, see Fig. 2) is calculated by Martynenko [4] and
Jentschura [6] and their results show satisfactory agree-
ment. Borie cites a paper of Karshenboim [5], it is how-
ever unknown how she obtained the quoted value.
Karshenboim calculates the sum of both terms
(#4+#5) [53]. The sum is in excellent agreement with
the sum of Martynenko’s values and also agrees with the
calculation of Borie. The total contribution from two
eVP loops in one and two Coulomb lines is given by the
average of
∆E(2−loop eVP 1&2 C−lines) = 13.2794± 0.0026 meV. (5)
Calculations of third order eVP contributions (3-loop
eVP, #6+#7, from Martynenko and Karshenboim, agree
for the required accuracy [3, 4, 53]. Karshenboim’s value
is chosen because he showed that the calculation method
of Martynenko, first employed by Kinoshita and Nio [59],
is not correct [53]. The value of the third order eVP is
given by
∆E(3−loop eVP) = 0.0740± 0.0030 meV. (6)
The size of the third order contribution is comparable
in size to our accuracy goal while the uncertainty of the
term is even smaller.
The contribution from two eVP loops in one and two
Coulomb lines has additional RC of the order α2(Zα)4m
(#29). This correction was calculated by Martynenko
and Karshenboim, but the calculations differ by more
than a factor of two [4, 53]. Since similar calculations
for µD are in agreement in previous publications of both
authors [53, 60] further investigation is needed. For
our summary we choose the average value of 0.0039 ±
0.0018 meV due to the disagreement between Martynenko
and Karshenboim. Fortunately, the small discrepancy is
not relevant on the level of the accuracy goal.
The higher order “light-by-light” scattering contribu-
tion consists of three individual terms (#9,#10,#9a; see
Fig. 2). The first, so-called Wichmann-Kroll term, (#9)
is in agreement between the works of Karshenboim [61]
and Martynenko [4]. Borie [3] also calculates the term in-
dependently and reports a slightly smaller but still agree-
ing result. The remaining Virtual Delbru¨ck (#10) and
inverted Wichmann-Kroll (#9a) contributions have been
calculated by Karshenboim [61]. The Virtual Delbru¨ck
contribution was calculated by Borie earlier [62] although
with larger uncertainty. As can be seen from Tab. III,
cancellations between the three terms occur. We there-
fore directly adopt Karshenboim’s values to include all
cancellations.
A term comparable in size to the Ka¨lle´n-Sabry contri-
bution (but with opposite sign) is given by the effect of
muon vacuum polarization (µVP) and muon self energy
(µSE) (#20). The sum of both terms was calculated by
Borie and Martynenko and they show satisfactory agree-
ment [3, 4].
µSE also contributes as correction to the one-loop eVP
term (see Fig 2, #11). The results of Karshenboim and
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FIG. 2. Important Feynman diagrams contributing to the
QED part of the Lamb shift. #1 The Uehling Term; #4 The
Ka¨lle´n-Sabry contribution; #5 One loop eVP in two Coulomb
lines; #9/9a/10 Light-by-light scattering contributions; #13
Mixed eVP/µVP; #11 Self energy corr. to eVP; #31 Mixed
eVP/hadronic VP; #12 eVP loop in SE contribution; #30
Hadr. loop in SE contribution; #32 µVP loop in SE contri-
bution (included in #21). In our summary, terms #5, #9,
#10, #9a, #13(2) and #31(2) also contain their respective
cross diagrams.
Jentschura agree very well [6, 61]. The calculation from
Martynenko in Ref. [4] provides an incomplete value since
he only calculates the second diagram seen in Fig. 2,
#11(2). He adopts the complete value of Jentschura in
his summary. Borie only partially calculates this term, as
stated in appendix C of her summary [3]. Therefore our
choice is compiled from Karshenboim’s and Jentschura’s
value.
Insertion of an eVP or hVP loop in the µSE correction
leads to corrections of higher order. The contribution of
the additional eVP loop (#12) was calculated by Borie
and Karshenboim and their values agree well. The hVP
term (#30) was only calculated by Karshenboim whose
value we adopt. There is also a contribution due to a
µVP insertion in the µSE line. This contribution is not
separately added to our summary, because it is already
included in the µSE value.
The contribution with an eVP and a µVP loop in the
one photon interaction is given by the first diagram of
#13 in Fig. 2. It was evaluated by Martynenko and Borie
and their values agree. Karshenboim provides values of
this contribution summed with the respective term in
the two Coulomb line diagram (second part of #13) [61].
Both terms are of similar size, therefore the values of
Karshenboim and Borie/Martynenko differ by nearly a
factor of two. Since the total term is small, this uncer-
tainty is not important for the Lamb shift extraction.
In addition, Karshenboim also calculated the influ-
ence of the mixed eVP-hVP diagram in one and two
Coulomb lines (Fig.2, #31). Borie only gives a term la-
beled “higher order correction to µSE and µVP” (#21)
that also includes the µVP loop in the SE contribution
(previously #32).
The insertion of a hadronic vacuum polarization (hVP;
#14) loop in the one Coulomb-photon interaction leads
to another correction calculated by Borie and Marty-
nenko. Both values agree within the uncertainty given
in Borie’s publication [3]. We use Borie’s result [3] as her
uncertainty includes Martynenko’s value [4].
Item #17 is the main recoil correction in the Lamb
shift, also called the Barker-Glover correction. The avail-
able calculations of the term by Borie, Martynenko and
Karshenboim agree perfectly.
Item (#18) is the term called “recoil finite size” by
Borie [3]. It is of order (Zα)5 〈r〉(2) /M and is linear in
the first Zemach moment. It has first been calculated
by Friar [63] (see Eq. F5 in App. F) for hydrogen and
has later been given by Borie [3] for µd, (µ3He)+, and
(µ4He)+. We discard item #18 because it is considered
to be included in the elastic TPE [64, 65].
Further relativistic recoil corrections of the order
(Zα)5 and (Zα)6 are also included in our summary (#22,
#23). The (Zα)5 correction was calculated by Borie,
Martynenko and Jentschura and their results agree. The
(Zα)6 term was only determined by Martynenko, but is
two orders of magnitude smaller than the term of the
previous order. Therefore we simply accept his value in
our summary.
5Martynenko provides a term called ”radiative correc-
tion with recoil of the order α(Zα)5 and (Z2α)(Zα)4”.
The respective terms are included in Borie’s “higher order
recoil” together with some additional terms not covered
by Martynenko. We therefore adopt the more complete
value of Borie (#24).
The total logarithmic recoil in (µ4He)+ of the order
α(Zα)5 (#28) was only calculated by Jentschura [6]. It
includes the dominant seagull-term as well as two more
Feynman-diagrams with smaller contributions. We di-
rectly adopt this result for our summary.
From the summary given in Tab. III we extract the to-
tal nuclear structure independent part of the Lamb shift
∆E(LS,QED) = 1668.4892± 0.0135 meV. (7)
This value is in agreement with the sum given by Mar-
tynenko [4], and agrees also with Borie’s value when dis-
carding the recoil finite size term. In the case of (µ4He)+
there is no Darwin-Foldy (DF) term as opposed to µD [8].
This term normally accounts for the Zitterbewegung of
the nucleus but vanishes in (µ4He)+ due to its zero nu-
clear spin. The uncertainty of the “pure QED” contribu-
tions in Eq. (7) is a factor of 4 smaller than the expected
experimental uncertainty and poses no limitation of the
charge radius extraction.
III. R2 CONTRIBUTIONS TO THE LAMB
SHIFT
The 2S→ 2P splitting is also affected by the charge ra-
dius of the alpha particle. This so-called finite size effect
dominantly influences S states due to their non-zero wave
function at the origin, Ψ(0). The finite size contributions
in (µ4He)+ can be parameterized with the square of the
nuclear root-mean-square (rms) charge radius, which is
defined as [13, 66]
r2α = −6
dGE
dQ2
∣∣
Q2=0 (8)
where GE is the Sachs electric form factor of the nucleus
and Q2 is the square of the four-momentum transfer to
the nucleus. This charge radius definition is consistent
with the one used in elastic electron scattering. In a sim-
plified, nonrelativistic picture the nuclear charge radius
is often referred to as the second moment of the nuclear
charge distribution.
The leading order finite size contribution (#r1) is of
order (Zα)4 and originates from the one-photon inter-
action between the muon and the helium nucleus. It is
calculated by inserting the form factor in the nucleus ver-
tex. The coefficient of the leading order finite size effect is
provided by Borie [3] and Karshenboim [5], and their re-
sults agree. Martynenko [4] however only gives absolute
energy values for the finite size effect. For the leading
order contribution he obtains −295.85 ± 2.83 meV. We
have to divide by the square of the rms charge radius
of 1.676(8) fm used in his calculations [4], to get the re-
sulting coefficient given in Tab. IV. Martynenko’s value
agrees with the other two. All authors follow the previ-
ous calculations of Friar [63]. #r1 is given by the average
of the three authors as
∆E(#r1) = −105.3210± 0.0020 meV/ fm2 r2α, (9)
where the uncertainty is far better than our accuracy
goal.
Item #r4 is the one-loop eVP (Uehling) correction of
order α(Zα)4, i.e. an eVP insertion into the one-photon
line. It has been calculated by all three groups, Borie [3],
Martynenko [4] and Karshenboim [5]. On p. 31 of [3],
Borie notes that she included the correction arising from
the Ka¨lle´n-Sabry (KS) potential in her bd. This means
that her value already contains item #r6, which is the
two-loop eVP correction of order α2(Zα)4. Item #r6 is
given explicitly only by the Martynenko group [4] (No. 18,
Eq. 73). The sum of Martynenko et al.’s #r4 and #r6 dif-
fers by 0.014 meV/fm2 from Borie’s result. Using a charge
radius of 1.681 fm this corresponds to roughly 0.04 meV
and, hence, causes the largest uncertainty in the radius-
dependent one-photon exchange part. The origin of this
difference is not clear [67, 68]. A clarification of this dif-
ference is desired but does not yet limit the extraction of
the charge radius. As our choice we take the average of
the sum (#r4+#r6) of these two groups. The resulting
average does also reflect the value for #r4 provided by
Karshenboim et al. [5].
Item #r5 is the one-loop eVP (Uehling) correction
in second order perturbation theory (SOPT) of order
α(Zα)4. It has been calculated by all three groups,
Borie [3], Martynenko [4] and Karshenboim [5]. On p. 31
of [3], Borie notes that she included the two-loop correc-
tions to V P2 in her be. This means that her value already
contains item #r7, which is the two-loop eVP in SOPT of
order α2(Zα)4. Item #r7 is only given explicitly by the
Martynenko group [4] (No. 19). The sum of Martynenko
et al.’s #r5+#r7 differs by 0.01 meV from Borie’s result.
As our choice we take the average of the sum (#r5+#r7)
of these two groups. Again here, our choice reflects the
value for #r5 provided by Karshenboim et al. [5].
The nuclear structure influence on the 2P1/2 state is
only determined by Borie (#r8) [3]. We directly adopt
her value, but change the sign of #r8 from the original
publication to be consistent with our nomenclature of
tabulating ∆E(2P− 2S).
Item #r2 is a radiative correction of order α(Zα)5.
It has been calculated by Borie [3] and Martynenko [4].
Their values agree well. Martynenko [69] recently calcu-
lated an additional term which we denote as #r2’. It
has a non-trivial dependence of the charge radius and is
therefore provided as an absolute value rather than as a
coefficient. Since it is tiny this procedure does not affect
the extracted charge radius. Note, that in [69], Marty-
nenko indicates the value for the 1S state, which has to
6be scaled by 1/23 to account for the 2S state.
Item #r2b’ is a VP correction of order α(Zα)5. It is
an elastic contribution and only calculated by the Marty-
nenko group [4]. It is not parameterized with the charge
radius squared and therefore given as a constant. We
do not include this correction for the following reason:
In muonic deuterium this correction cancels to a large
amount with its inelastic counterpart [70] (see below
Eq. (62)). This cancellation is also expected for muonic
helium ions. Since the inelastic correction of same order
has not been calculated yet, we decided to not include
this value in the final sum.
For the finite size term of the order (Zα)6 (#r3) and
the same-order correction (#r3’), Borie and Martynenko
use different methods of calculation. Here, #r3’ is given
as an absolute value, because of its non-trivial depen-
dence on the charge radius, similar to #r2’. A term cor-
responding to the 〈ln r〉 coefficient is part of term (#r3)
for Martynenko and part of (#r3’) for Borie, leading to
a correlation between both. In order to stay consistent
with the summary in µD [8] we decided to average both
terms providing #r3 = −0.1340 ± 0.0030 meV/fm2 and
#r3′ = 0.067 ± 0.012 meV until a clear definition is set-
tled on. Note that although the uncertainty of #r3’ is
still a factor of 5 smaller than the uncertainty goal, it
would be helpful if this 20% relative uncertainty in the
term could be improved.
The total r2α coefficient of the Lamb shift is given by
∆E(Fin. size) =− 106.3536(82) meV/ fm2 r2α
+ 0.0784(112) meV.
(10)
The uncertainty of the first term corresponds to 0.02 meV
(for rα = 1.681 fm), already 30% of our uncertainty goal.
IV. TWO-PHOTON EXCHANGE
Important parts of the nuclear structure dependent
Lamb shift contributions are created by the two-photon
exchange (TPE) between muon and nucleus (see Fig. 3).
Two distinct parts can be separated:
∆ELSTPE = δEA+NFriar + δE
A+N
inelastic, (11)
where δEA+NFriar is the Friar moment contribution c
(Fig. 3 (a)+(b)), also known as “third Zemach mo-
ment contribution”, and δEA+Ninelastic is the inelastic part
of the TPE, also called the polarizability contribution
(Fig. 3 (c)+(d)). Each part can again be separated into
a nuclear (A) and a nucleon (N ) part.
c The term “Friar moment” has been introduced by Karshenboim
et al. in [71].
(a)
µ
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FIG. 3. Two-photon exchange in the (µ4He)+ Lamb shift.
The two diagrams (a) + (b) are contributing to the Friar mo-
ment contribution δEFriar of the Lamb shift while the similar
diagrams (c)+(d) show the nuclear polarizability contribution
of the helium nucleus δEinelastic. Thick dots indicate form
factor insertions while the gray blobs represent all possible
excitations of the nucleus.
A. The Friar moment contribution in (µ4He)+
The Friar moment contribution δEAFriar is an elastic
contribution, analog to the finite size effect, but of or-
der (Zα)5, i.e. in the two-photon interaction (see Fig. 3,
(a), (b)). In the following we discuss five ways of how the
Friar moment can be obtained:
Option a: The most modern calculation of the
Friar moment contribution is provided by the TRI-
UMF/Hebrew group [56, 72, 73]. They obtain the nuclear
Friar moment contribution δEAFriar by performing ab ini-
tio calculations, using state-of-the-art nuclear potentials.
Their result of [56]
δEAFriar(a) = 6.14± 0.31 meV (12)
uses the sum of their terms δZ1 and δZ3 [72] as an approx-
imation for the elastic Friar moment contribution. This
approach has recently made impressive progress. How-
ever, compared to the following options below, the un-
certainty is still rather large. Note, that in the isotope
shift (Sec. VII), a large part of this uncertainty cancels.
The contribution of the individual nucleons δENFriar is
not automatically included by this approach and has to
be calculated separately. The neutron Friar moment
is found to be negligible [74]. For the proton, we fol-
low [75–77] and obtain its value in (µ4He)+ by using the
proton’s Friar moment contribution in muonic hydrogen
δE
(p)
Friar(µH) = 0.0247(13) meV provided in [78]. We scale
it with the wavefunction overlap, that depends on the re-
duced mass (mr) and proton number (Z) scaling to the
third power. We account for the different number of pro-
tons in both systems with an additional Z ratio. Another
reduced mass scaling factor enters from the third term in
Eq. (11) of [76] according to [79]. We obtain for the total
7nucleon Friar moment d
δENFriar =
(
mr(µ4He)
mr(µH)
Z(µ4He)
Z(µH)
)4
δE
(p)
Friar(µH)
= 0.541± 0.028 meV.
(13)
(the individual terms are provided in footnote e).
This value agrees with the result reported in [80]. The
total Friar moment contribution according to option a is
then given by the sum of Eqs. (12) and (13)
δEA+NFriar (a) = 6.68± 0.31 meV (14)
Option b: The Friar moment contribution can be pa-
rameterized as being proportional to the Friar moment
〈r3〉(2) of the nucleus’ electric charge distribution [63].
Using 〈r3〉(2) = 16.73(10) meV/fm3 [81] from measured
helium-4 form factors in momentum space, this option
yields the most precise value and is furthermore model-
independent, as it originates from experimental data.
From Eq. (43a) in [63] we obtain
δEA+NFriar (b) =
(Zα)5m4r
24 〈r
3〉(2) = 6.695± 0.040 meV.
(15)
However, expressing the elastic part of the TPE using
only the Friar moment does not account for relativistic
recoil corrections [82] (see option d).
Option c: The Friar moment contribution can be pa-
rameterized proportional to the third power of the nu-
clear rms charge radius as C × r3α, where C is a factor
which depends on the model for the radial charge distri-
bution.
Borie gives a coefficient of C = 1.40(4) meV/ fm3 (p. 14
of [3]). It is valid for a Gaussian charge distribution
which is a good assumption for the helium-4 nucleus.
The given uncertainty is an estimate of possible devia-
tions from the Gaussian charge distribution [67]. For the
nuclear charge distribution Borie uses the charge radius
rα = 1.681(4) fm from Sick [25] and obtains
δEA+NFriar (c) = 1.40± 0.04 meV/ fm3 × r3α
= 6.650± 0.190 meV. (16)
In addition to this value from Borie, the more recent
results of Refs. [72] and [81] lead to slightly improved
d In Eq. (12) of Ref. [8], we used a scaling of the nucleon TPE
contribution by the reduced mass ratio to the third power, which
is only correct for δENinelastic. δE
N
Friar should be scaled with the
fourth power [75, 76]. This is due to an additional mr scaling
factor compared to the proton polarizability term. This mistake
has no consequences for µd yet, as the nuclear uncertainty is
much larger, but the correct scaling is relevant for (µ3He)+and
(µ4He)+.
e mr(µH) = 185.84me, mr(µD) = 195.74me, mr(µ4He) =
201.07me, Z(µH) = 1, Z(µD) = 1, Z(µ4He) = 2, A(µD) = 2,
A(µ4He) = 4
theoretical and experimental values of C = 1.38(3) and
C = 1.41(2), respectively, which are all in agreement with
one another [83]. In principle one can benefit from option
c by using the charge radius as a free parameter which
will be determined by the measurement of the Lamb shift.
This has initially been done in µp [10]. The limiting un-
certainty in (µ4He)+, however, comes from the coefficient
which is why this option is not attractive until a better
value for the coefficient is available.
Option d: The Friar moment contribution can be cal-
culated by directly using form factor (FF) parameteriza-
tions in momentum space.
Martynenko did the calculation for Gaussian and Dipole
electric FF parameterizations due to their closed analyti-
cal form, following the work of Friar [84]. Using a charge
radius of rα = 1.676(8) fm, Martynenko with Eqs. (62)
and (63) in [4] determines an energy contribution of
δEA+NFriar (d) = 6.61± 0.07 meV (17)
for a Gaussian charge distribution. For the less realistic
dipole parameterization, Martynenko obtains a value of
7.1958 meV, which differs by ∼ 0.6 meV from Eq. (17),
illustrating the sensitivity of the Friar moment contribu-
tion to the shape of the charge distribution. In his table,
however, Martynenko uses the Gaussian charge distribu-
tion only.
Option e: Similar to option d, but instead of assuming
the FF to be Gaussian we use FFs based on measured
data.
Sick provided us with an improved parameterization of
the charge distribution from current world data on elas-
tic electron scattering on 4He by means of a sum of
Gaussians charge distribution [85]. By numerical Fourier
transformation we obtain the electric FF which is used
in Eqs. (62) and (63) in [4]. In Fig. 4 we compare the FF
obtained with the parameterization from Sick, with other
parameterizations. With the FF parameterization from
Sick we obtain a Friar moment contribution of
δEA+NFriar (e) = 6.65± 0.09 meV. (18)
This value is in agreement with the value reported
by Martynenko (option d) for a simple Gaussian FF.
The value in Eq. (18) has a slightly larger uncertainty
than the one reported in Eq. (17). The advantage of
option e, however, is its model-independence due to
the experimentally measured FF. In contrast to option
b, the value in Eq. (18) accounts for relativistic recoil
corrections.
All five options presented here are in agreement,
whereas their uncertainties differ a lot. Since the
dominating uncertainty arises from the inelastic contri-
butions and not from the Friar moment contribution,
the different options do not influence the total TPE
contribution significantly. The best value to use might
be option e for the reasons discussed above. This choice
is also recommended by Carlson [82]. Note, that in
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FIG. 4. Parameterizations of the alpha particle electric form
factor (FF) which are used in the calculations of the Friar
moment contribution. Shown are Gaussian (red, solid) and
dipole functions (green, dash-dotted) together with two ex-
perimentally deduced FF parameterizations (purple and blue,
dashed) [24, 85] on a linear (Top) and logarithmic scale (Bot-
tom). The Gaussian and dipole FF reproduce rα = 1.681 fm.
The experimental fitting results agree with the Gaussian
shape, and significantly diverge from the dipole parameteriza-
tion at momentum transfers ≥ 0.2 GeV. We base our analysis
on the SOG fit by Sick [85].
the case of muonic helium-3 ions, less data is available,
which is the reason why for (µ3He)+[9], option e was not
considered. However, in order to have a consistent treat-
ment for elastic and inelastic contributions one might
also consider option a. The consistency is then given
because the inelastic calculation discussed in the next
section does not include relativistic corrections either.
There are reasons to expect that the (not calculated)
relativistic corrections of both terms cancel each other.
Since the choice does not significantly influence the total
uncertainty of the extracted charge radius, we decide to
use option e, acknowledging that the other choice is also
valid.
From option e we obtain as Friar moment contribution
δEA+NFriar = δE
A+N
Friar (e) = 6.65± 0.09 meV. (19)
B. (µ4He)+ Polarizability
The second component of the two-photon exchange in
Eq. (11) is given by the inelastic nuclear “polarizability”
contribution, δEAinelastic, that stems from the virtual ex-
citation of the nucleus in the two-photon interaction (see
Fig. 3 (c)+(d)). The initial calculation of the polarizabil-
ity was done by Joachain [86] in 1961. Rinker [87] in
1976 and Friar [84] in 1977 improved the calculation and
obtained a value of 3.1(6) meV [84]. Martynenko used
this value in his summary [4], as did Borie in previous
versions of hers [3]. Recently, a more accurate calcula-
tion of the (µ4He)+ nuclear polarizability was done by
Ji et al. [55, 56] using two parameterizations of the nu-
clear potential. Their calculation uses the AV18 nucleon-
nucleon (NN) force plus the UIX three-nucleon (NNN)
force, as well as NN forces plus NNN forces from chiral
effective field theory (χEFT) to calculate the terms up
to the order (Zα)5. It provides an energy contribution
of 2.47(15) meV that is in agreement with Friar’s value
but four times more precise. Borie adopted the value of
Ji et al. [55] in the newest version of her summary.
In muonic deuterium, Pachucki [88] found that the
elastic part is exactly canceled by a part of the inelas-
tic. These terms are called δ1Z1 and δ1Z3 in Ji et al. [55].
We assumed this cancellation to be exact in our muonic
deuterium theory summary [8]. Here we treat both parts
of the TPE separately and do not use the cancellation.
For the nuclear polarizability contribution we adopt the
most recent value [56]
δEAinelastic = 2.35± 0.13 meV. (20)
Next, we account for the contribution due to the po-
larizability of the individual nucleons δENinelastic. In [73],
the TRIUMF/Hebrew group provides a value which was
later updated to [56]
δENinelastic(Hernandez) = 0.34± 0.20 meV. (21)
This value is obtained by scaling the contribution for
a single proton of 0.0093(11) meV f by the number of
protons and neutrons g, as well as with the wavefunc-
tion overlap, according to Eq. (19) of Ref. [75]. It also
includes a 29% correction for estimated medium effects
and possible nucleon-nucleon interferences.
A smaller uncertainty for δENinelastic could be achieved
starting with the inelastic contribution for a proton-
neutron pair in muonic deuterium, which was determined
f The contribution for a single proton is the sum of an in-
elastic term 0.0135 meV [89] and a subtraction term δpsubtr =−0.0042(10) meV [90].
g Assuming isospin symmetry, the value of the neutron polariz-
ability contribution is the same as the one of the proton, but, as
in [75], an additional uncertainty of 20% is added, motivated by
studies of the nucleon polarizabilities [91].
9by Carlson et al. to be δEhadrµD = 0.028(2) meV [89]. We
scale Carlson’s value with the nucleon number A and the
wavefunction overlap with the nucleus to obtain
δEhadrµ4He+ =
A(µ4He)
A(µD)
(
mr(µ4He)
mr(µD)
Z(µ4He)
Z(µD)
)3
δEhadrµD
= 0.486± 0.069 meV.
(22)
The uncertainty of this value was chosen a factor of two
larger than the one that would be obtained by scaling the
µD value. This accounts for possible shadow effects that
could exist in the 4He nucleus. This uncertainty estimate
has been confirmed by Bacca, Carlson and Gorchtein [92],
until better results for (µ4He)+ and (µ3He)+ are avail-
able.
We have to add to Eq. (22) the contribution due to
the subtraction term for protons and neutrons (see foot-
notes f and g) and obtain by scaling from µH
δEsub =
(
mr(µ4He)
mr(µH)
Z(µ4He)
Z(µH)
)3
× 2(δpsubtr + δnsubtr)
= − 0.170± 0.032 meV.
(23)
The sum of Eqs. (22) and (23) yields an alternative value
to Eq. (21) of
δENinelastic(Carlson) = 0.316± 0.076 meV (24)
which is in good agreement with Eq. (21) but three times
more precise.
Summarizing, the nucleon polarizability can be scaled
either from the proton, or from the deuteron. It is not
clear which option is the better one. We therefore decided
to average Eq. (21) and (24), which yields
δENinelastic = 0.33± 0.20 meV. (25)
For the total TPE contribution, which is the sum of the
Friar moment contribution (Eq. (19)) and the nuclear and
the nucleon polarizability contributions (Eqs. (20), (25))
we obtain
∆ELSTPE = 9.34± 0.25 meV. (26)
Here, the nuclear and nucleon polarizability contribute
0.11 meV and 0.20 meV to the uncertainty, respectively.
The value of Eq. (26) agrees well with the TPE contri-
bution of 9.37(45) meV obtained through ab initio calcu-
lations [56]. A dispersive approach as given for helium-3
[93] is required also for helium-4 in order to crosscheck
the value provided here. The uncertainty of the total
TPE contribution is about 4 times larger than the value
given as uncertainty goal due to the achieved experimen-
tal precision. An improvement of this value will directly
improve the extraction of the charge radius.
V. (µ4He)+ FINE STRUCTURE
The 2P fine structure splitting (FS) has been calcu-
lated by Borie [3], Martynenko (Elekina et al. [57]) (see
Tab. V). Both determinations agree within 0.020 meV.
The leading order contribution to Borie’s fine structure
is given by the Dirac term of the order (Zα)4 (#f1). Borie
provides additional recoil corrections to her Dirac value
(#f2) not covered by her relativistic Dirac wavefunc-
tion approach. These corrections are already included in
Martynenko’s term (#f3). Martynenko separately calcu-
lates corrections to his term like the (Zα)6 contribution
(#f4a), as well as an additional correction of the order
(Zα)6m1/m2 (#f4b). The latter term is new in our FS
summary and was not accounted for in µD [8] due to
its negligible size. We sum the Dirac contributions of
both authors, including all given corrections. Comparing
this sum, we find an unexpected difference of 0.025 meV
in the Dirac-term calculation between both authors, as
opposed to the much better agreement in the leading or-
der Uehling term of the Lamb shift. As our choice, we
decided to use the value of Martynenko, which is in agree-
ment with a very recent calculation of Korzinin et al. [94]
(see Note added in proof at the end of this work).
Further corrections to the FS are given by eVP in-
sertions in the FS interaction. Borie, Martynenko and
Karshenboim have calculated the 1-loop eVP in both,
one- (#f5a) and two Coulomb lines (#f5b) and get
matching results for the sum of both terms.
Only Martynenko calculated the two-loop Ka¨lle´n-
Sabry-type diagrams (#f6a) (corresponding to Fig. 2, #4
in the Lamb shift). The consecutive two-loop correction
in two Coulomb lines (#f6b) has been calculated by Mar-
tynenko, Borie, and Karshenboim. We use the value from
Karshenboim, as they included some higher order terms
as well.
The corrections of the order α2(Zα)4m (#f7) are only
calculated by Karshenboim and are included in our sum-
mary.
The correction of order α(Zα)6 (#f11*) is only pro-
vided by Martynenko whose value we adopt.
Martynenko also calculates the value of the one loop
µVP contribution to the FS that we adopt for our sum-
mary (#f12*).
Contributions of the muon anomalous magnetic mo-
ment to the fine structure were provided by Borie and
Martynenko and agree perfectly (#f8,#f9).
The first order finite size contribution has a minor in-
fluence on the 2P FS interval because the 2P1/2 level has
a small, yet non-zero wavefunction at the origin. Cal-
culations of the first order term (#f10a) by Borie and
Martynenko agree very well and we use the average. The
term also appears as nuclear structure dependent part of
the Lamb shift (#r8) and has to be accounted for in both
the Lamb shift and the FS. The radius dependence is ne-
glected in the FS since it only provides a minor influence
to the total energy difference. For the second order con-
tribution (#f10b) we adopt the only available calculation
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by Martynenko.
Using the named values, the total 2P FS in (µ4He)+
is given by
∆E2P3/2−2P1/2 = 146.1828± 0.0003 meV. (27)
This is in good agreement with the published value of
Martynenko [57], and disagrees with the value from Borie
[3]. The reason is the difference of the leading order Dirac
term between those two. The given uncertainty of the
total fine structure arises due to negligible inconsistencies
between Martynenko and Borie, which are not clarified
yet.
VI. SUMMARY FOR (µ4He)+
We provided a summary of the Lamb shift and 2P-fine
structure in (µ4He)+ that will be used for the extrac-
tion of the alpha particle charge radius from the mea-
surements performed at PSI [1, 2]. We compared the
calculations of Borie [3], the Martynenko group [4, 57],
the Karshenboim group [5, 53], the Jentschura group [6],
and the TRIUMF/Hebrew group [55, 56, 72, 73]. Af-
ter sorting and comparing all individual terms we found
some discrepancies between the different sources (see
Tabs III-V): Two-loop eVP (#4,#5), α2(Zα)4m contri-
bution (#29) and higher orders (#12-#21) in the radius-
independent Lamb shift contributions, different finite
size contributions (#r1,#r3,#r3’,#r4,#r5), the elastic
Friar moment contribution (Eq. (15) and following), as
well as the sum of the Dirac contributions in the FS
(#f1-f4). Several contributions are only single-authored
(#r2’,#r2b’,#r6,#r7,#r8, and others). In order to have
a reliable theory prediction of the Lamb shift we encour-
age the theory groups to perform independent calcula-
tions to crosscheck the terms calculated by others.
In summary, we obtain the total energy difference of
the 2S1/2 → 2P1/2 Lamb shift transition in (µ4He)+ as
a function of the nuclear charge radius rα as
∆E(2P1/2−2S1/2) = ∆E(QED+Recoil) + ∆E(Finite Size) + ∆E
LS
TPE (28)
= 1668.489(14) meV
− 106.354(8) meV/ fm2 × r2α + 0.078(11) meV (29)
+ 9.340(250) meV
= 1677.907(251)− 106.354(8) meV/ fm2 × r2α. (30)
(for comparison use: r2α ≈ 2.83 fm2)
The ∆E(2P1/2−2S1/2) energy difference corresponds to
the sum of Eqs. (7), (10), and (26). The ∆E(2P3/2−2S1/2)
energy difference is obtained by including the fine struc-
ture from Eq. (27) which yields
∆E(2P3/2−2S1/2) = 1824.090(251)
− 106.354(8) meV/ fm2 × r2α.
(31)
The currently limiting factor in the (µ4He)+ theory orig-
inates from the two-photon exchange (TPE) contribu-
tion, where mainly the uncertainty of the inelastic nu-
cleon polarizability contribution (Eq. (25)) is dominat-
ing. Improving the terms which constitute the TPE will
directly improve the value of the alpha particle charge
radius determination. Using the prediction of the Lamb
shift from the compiled theory of this work, we derive a
theory uncertainty of the 4He nuclear charge radius from
the laser spectroscopy measurement in muonic helium-4
ions of < 0.0008 fm. Compared to this value the ex-
pected experimental uncertainty will be small. Hence,
with the theory presented in this compilation and the to-
be-published measurement, we expect an improvement of
the previous best value by a factor of ∼ 5.
VII. THE 3HE –4HE ISOTOPE SHIFT
The ”isotope shift” (IS) refers to the change of a tran-
sition frequency between different isotopes of the same
element. It originates mainly from the nuclear mass dif-
ference and the change of charge radii. Since the masses
of the lightest nuclei are very well known [12, 95–100],
and theory of the IS is simplified by beneficial cancella-
tions [29, 101], a measurement of the same transition in
two isotopes can be used to obtain an accurate value of
the squared charge radius difference, e.g. r2h− r2α for 3He
and 4He [28–31].
For the CREMA measurements in muonic 3He and
4He, one could calculate the IS from the absolute charge
radii, determined using Eq. (18) in [9] and Eq. (29) in
here. The accuracy of both muonic radii is limited by
the uncertainty in the nuclear and nucleon two-photon
exchange (TPE) contribution. However, the uncertain-
ties due to nuclear model-dependence and the ones due to
the single nucleons, respectively, are strongly correlated
between the two isotopes.
Here we attempt to reduce the uncertainty in the the-
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ory of the TPE contributions to the IS in muonic 3He
and 4He, taking into account these correlations.
For both helium isotopes (i = h, α), the transition en-
ergy is given in the form
∆E(i)LS = E
(i)
r−ind. + cir
2
i + E
(i)
TPE, (32)
where E(i)r−ind. is the radius-independent QED part of the
Lamb shift, the second term is the radius-dependent part
of the Lamb shift with the charge radius ri and the co-
efficient ci, and E(i)TPE is the two-photon exchange. Us-
ing the measured transition energy hν(i)LS of isotope i and
Eq. (32), the square of the charge radius ri is
r2i =
1
ci
(
hν
(i)
LS − E(i)r−ind. − E(i)TPE
)
. (33)
The value of each charge radius will be limited by the
theory uncertainty from the two-photon exchange (TPE)
contribution. In order to exploit correlations, we use for
the IS the TPE results from the TRIUMF/Hebrew group
[55, 56, 73, 75] alone. The TRIUMF/Hebrew group has
consistently calculated the TPE for both, (µ4He)+ and
(µ3He)+. This means using option a for the Friar mo-
ment contribution, described in Sec. IV A, which is not
what we chose for the extraction of the alpha charge ra-
dius. However, due to correlations in the IS, the large
uncertainty of option a partly cancels.
The uncertainty of the charge radius ri is obtained
by propagating the uncertainties from the experimen-
tal value hν(i)LS h and the theory values E
(i)
r−ind., ci, and
E
(i)
TPE
i. The isotope shift is then given by
r2h − r2α =
hν
(h)
LS − E(h)r−ind. − E(h)TPE
ch
− hν
(α)
LS − E(α)r−ind. − E(α)TPE
cα
(34)
= hν
(h)
LS
ch
− hν
(α)
LS
cα
−
(
E
(h)
r−ind.
ch
− E
(α)
r−ind.
cα
)
−
(
E
(h)
TPE
ch
− E
(α)
TPE
cα
)
(35)
= ∆ν −∆r−ind. −∆TPE, (36)
where ∆ν contains the experimental Lamb shift transi-
tion energies (hν(h)LS and hν
(α)
LS ). All other contributions
including their uncertainties are listed in Tab. I. A simple
Gaussian propagation of these uncertainties is only cor-
rect for uncorrelated terms. In the following we discuss
h To be published. The experimental uncertainty will be domi-
nated by statistics.
i The uncertainty in the TPE contribution dominates by far the
total uncertainty in the charge radius.
value source
E
(h)
r−ind. 1644.482±0.015 [9], Eq. (18), first two terms
E
(α)
r−ind. 1668.567±0.018 Eq. (29), 1st and 3rd term
ch −103.518±0.010 [9], Eq. (18), 3rd term
cα −106.354±0.008 Eq. (29), 2nd term
E
(h)
TPE 15.49 ±0.32 [56], Tab. 7
E
(α)
TPE 9.37 ±0.45 [56], Tab. 7
TABLE I. The values and uncertainties of the terms which
appear in the isotope shift (Eq. (35)). The dominating uncer-
tainties arise from the TPE terms of both helium isotopes.
Note that their uncertainties are correlated and should not
simply be propagated for the isotope shift. For a detailed
discussion, see text. The values are given in units of meV.
the correlations in the uncertainties of the TPE terms
and show how to get rid of the uncertainty correlations
which arise due to nuclear modeling and due to scaling
the nucleon contributions.
Since the uncertainties in the TPE terms are by far the
dominating uncertainty in the extraction of the isotope
shift, we restrict the discussion of correlations to the TPE
contributions only and have a closer look into the TPE
term ∆TPE from Eq. (36)
∆TPE =
E
(h)
TPE
ch
− E
(α)
TPE
cα
= δE
A,(h)
Friar + δE
A,(h)
inel. + ahδE
(p)
Friar + bhδE
(p)
inel.
ch
− δE
A,(α)
Friar + δE
A,(α)
inel. + aαδE
(p)
Friar + bαδE
(p)
inel.
cα
= δE
A,(h)
TPE
ch
− δE
A,(α)
TPE
cα
+ (ah
ch
− aα
cα
)δE(p)Friar + (
bh
ch
− bα
cα
)δE(p)inel.,
(37)
where, following Eq. (11), we break down the TPE con-
tribution into its constituents and explicitly write the
nucleon terms as a scaling factor ah/α, bh/α times the re-
spective contribution from the proton. The values of the
TPE terms and the scaling factors in Eq. (37) are listed
in Tab. II. For the scaling factors ah/α and bh/α compare
Eqs. (17) and (19) in [75]. In the last line we sum up the
nuclear terms for both isotopes, respectively, and we re-
order the nucleon terms to make the cancellations visible
which appear between the scaling factors.
We discuss first the nuclear uncertainties and then the
nucleon part.
The nuclear part. The nuclear TPE contribution (nu-
clear Friar moment + nuclear polarizability) for both
muonic helium isotopes has been calculated by the TRI-
UMF/Hebrew group [55, 56, 73, 75] using the AV18 po-
12
i = h i = α
AV18+UIX [75] χEFT [75] avg. [73] AV18+UIX [55] χEFT [55] avg. [73]
δE
A,(i)
Friar [meV] 10.356 10.618 10.49(24)[
19
16 ] 5.936 6.337 6.14(31)[
28
12 ]
∗
δE
A,(i)
inel. [meV] 4.21
∗ 4.25∗ 4.23(12)[ 0312 ]
∗ 2.29∗ 2.42∗ 2.36(11)[ 0906 ]
∗
Sum (δEA,(i)TPE ) 14.56 14.87 14.72(29)[
21
20 ] 8.23 8.76 8.49(40)[
37
13 ]
ai 21.1511 21.9247
bi 29.5884 40.5284
δE
(p)
Friar [meV] 0.0247(13)
δE
(p)
inel. [meV] 0.0093(11)
TABLE II. Values and uncertainties of the TPE terms which appear in the term ∆TPE (Eq. (37)). Entries, labeled with ∗
are updated through [56, 102]. The upper part represents the nuclear and the lower part the nucleon terms. The nuclear
terms are calculated using the AV18+UIX nuclear potential and χEFT. The values from the two approaches are used in order
to determine the uncertainty due to nuclear model-dependence. The values given under “avg.” are the ones which are then
used to infer a value of the IS calculation. The total uncertainties are given in the first brackets. The individual uncertainty
contributions are shown in the squared brackets. Uncertainties due to nuclear model dependence are given by the top value,
all other uncertainties are summarized in the bottom value. The ai and bi denote the scaling factors for obtaining the nucleon
Friar moment contributions from the value calculated for muonic hydrogen, see text.
tential and using χEFT j The difference between the
numbers of the two calculations serves as estimate for
the uncertainty due to nuclear model-dependence. Using
the same method for the isotope shift in Eq. (37), i.e. in-
serting the different values given in Tab. II one after the
other, a good estimate for the nuclear model uncertainty
is obtained. It amounts to 0.0010 meV.
The TRIUMF/Hebrew group also provides an un-
certainty due to sources other than the nuclear model
which are detailed in the supplementary material of [75].
In Eq. (16) therein, this uncertainty was only given for
muonic helium-3 ions. An updated value for helium-3
and a first value for helium-4 ions was later provided in
[102]. These values amount to 0.20 meVand 0.13 meV,
respectively, see also Tab. II. A propagation of these two
uncertainties via Eq. (37) leads to 0.0023 meV.
The nucleon part. Similar to the nuclear part, the nu-
cleon TPE contribution for the two isotopes consists of
the nucleon Friar moment contribution and the nucleon
polarizability contribution.
The nucleon Friar moment is obtained using the
Friar moment from muonic hydrogen of δE(p)Friar =
0.0247(13) meV [78]. This value is multiplied with a scal-
ing factor as it is done in Eq. (37). The scaling factor
for (µ3He)+ is ah = 21.1511, for (µ4He)+ aα = 21.9247.
Propagating the uncertainty of 0.0013 meV via Eq. (37)
leads to 2× 10−6 meV, which is negligible.
The nucleon polarizability contribution is scaled from
the single proton polarizability which (including the sub-
traction term) amounts to δE(p)inel. = 0.0093(11) meV
(see text below Eq. (21)). The scaling works accord-
ing to Eq. (23) in [77] which results in scaling factors
j For the Friar moment, the calculation of the TRIUMF/Hebrew
group corresponds to option a, discussed in Sec. IV.
of bh = 29.5884 and bα = 40.5284 for muonic helium-3
and -4, respectively. Propagating the uncertainty from
the nucleon polarizability of 0.0011 meV via Eq. (37) we
obtain an uncertainty for the isotope shift of 0.0001 meV.
The total TPE uncertainty. In total, the TPE con-
tributions to the isotope shift lead to an uncertainty of
0.0025 meV, which results from the uncertainties added
in quadrature. It is dominated by the above discussed
uncertainty from the nuclear parts.
The uncertainties due to the radius-independent
QED terms E(i)r−ind. and the coefficients ci are used
as presented in Tab. I and propagated via Gaussian
propagation of uncertainties through Eq. (35). We
obtain isotope shift uncertainties of 0.0002 meV and
0.0004 meV from the radius-independent terms and the
coefficients, respectively.
Inserting the numbers from Tab. I into Eq. (35), the
r2h− r2α isotope shift from muonic helium spectroscopy is
then given by
r2h − r2α =
(
hν
(h)
LS /meV
−103.518 −
hν
(α)
LS /meV
−106.354
)
fm2
+ 0.1970 fm2 + 0.0615 fm2
(±0.0002QED ± 0.0004coeff. ± 0.0025TPE) fm2
=
(
hν
(α)
LS /meV
106.354 −
hν
(h)
LS /meV
103.518
)
fm2
+ 0.2585 fm2 ± 0.0025theo fm2.
(38)
Note that without taking into account the correlations
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and using instead the TPE contributions from Eq. (17)
in Ref. [9] and from Eq. (26) in this work, the last line
of Eq. (38) would read 0.2570(56) fm2, which is in good
agreement, but with a twice larger uncertainty.
Since the experimental uncertainty is expected to be
small compared to the theory uncertainty of 0.0025 fm2,
the extraction of the isotope shift from muonic helium
ions will compete with the uncertainty from previous
measurements [28–31] and may shed new light on the
discrepancy between those.
VIII. CONCLUSION
In the first part of this work we have summarized
and compiled all available theory contributions to the
2S→ 2P Lamb shift in (µ4He)+, which is necessary in
order to extract the alpha charge radius from laser spec-
troscopy measurements in muonic helium-4 ions. The
result of our compilation is shown in Eq. (29).
In the second part, we studied the theory uncertain-
ties which enter the value of the 3He–4He isotope shift
that can be extracted from the CREMA measurement
in (µ3He)+and (µ4He)+. We obtain a total theory
uncertainty of 0.0025 fm2, see Eq. (38). This uncertainty
is much smaller than a discrepancy between previous
isotope shift measurements in electronic helium atoms
[28–31]. The value of the isotope shift from the CREMA
collaboration will therefore test the discrepancy with a
completely independent method.
Note added in proof : After submission of this article,
Korzinin et al. [94] was published. A comparison of
the radius-independent Lamb shift total in Ref. [94]
(Tab. IX: 1668.51(2) meVk) with our value (Eq. 7:
1668.489(14) meV) yields good agreement. The radius-
dependent sum from Korzinin et al. (Tab. VIII and
IX: −106.3(5)r2h meV/ fm2 + 0.16 meVl) also compares
well with ours (Eq. 10: −106.354(8)r2h meV/ fm2 +
0.078(11) meV). It is not clear where the large uncer-
tainty of 0.5 meV/ fm2 (corresponding to ∼ 1.4 meV) in
the radius-dependent part comes from. The two-photon
exchange contributions are not discussed in detail.
The fine structure is given by Korzinin et al. in Tab. X as
146.181(5) meV (using 1.681 fm for the r2h term), which
agrees with our value (Eq. 27: 146.1828(3) meV). The
inconsistency in the Dirac term (#f1-#f4) between the
Martynenko group and Borie (see Tab. V) is resolved by
Korzinin et al. which agree with the Martynenko group.
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